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These notes were prepared for students at Macquarie 

University in Australia but are freely available to anyone.  

However if you make use of them and are not a Macquarie 

University student it would be nice if you could email me 

at christopherdonaldcooper@gmail.com to let me know 

where you are from.  And, if you are from outside of 

Australia perhaps you could send me a postcard of where 

you are from to pin up on my wall (Christopher Cooper, 

31 Epping Avenue, EASTWOOD, NSW 2122, 

Australia). 
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 These notes are still under construction. Later 

editions will have more material, and every chapter 

will have exercises and solutions. 

 

Euclidean Geometry 
 

 We once thought that Euclidean Geometry of the 

plane was the only geometry there is, and for many 

centuries that’s the only geometry that existed. 

Euclid and his co-workers developed it over two 

thousand years ago and it has to do with points, lines, 

circles and simple shapes like triangles and 

parallelograms.  Euclid’s methods were axiomatic.  He 

wrote down a number of “intuitively obvious” facts and 

then proceeded to prove theorems in a systematic way.  

Over the centuries Euclidean geometry became one of the 

pillars of mathematics and was taught, not so much for its 

practical applications, but as an exercise in pure thought. 

 

Coordinate Geometry 
 Several centuries ago René Descartes introduced 

coordinates and was able to prove theorems using basic 

algebra.  This method allowed parabolas, ellipses and 

hyperbolas to be treated with almost as much ease as the 

circle. 

 In time the Euclidean plane came to be identified 

with the Complex Plane, and this provided some 

additional techniques for doing Euclidean geometry. 
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 Finally, vectors were developed, and they gave us 

tools, not only for the Euclidean plane but, more 

generally, for n-dimensional Euclidean space. 

 

 No one approach is better than all the others. I 

begin by discussing Euclid’s account, with its axioms and 

formal proofs. But then, as I develop the geometry, I use 

a mixture of Euclid’s approach, the use of coordinates, the 

complex number field and vectors – whichever is the 

simplest for a given theorem. 

 

Ruler and Compass Constructions 
 Certain geometric constructions can be made using 

just a ruler and compass, such as bisecting any given 

angle.  The ruler is just used to draw straight lines, not to 

measure.  Ruler and compass methods have some 

practical use, but their main role in mathematics has been 

as a theoretical challenge.  Can a ruler and compass 

construction be found to carry out such and such a 

construction.  The method has to be perfectly exact.  A 

very good approximation might be sufficient for practical 

purposes but, for the Greeks and for those who followed 

after, if it isn’t perfectly exact it’s useless! 

 

We begin my developing the standard ruler and 

compass constructions, as can be found in many texts. 

However I have expressed these methods as computer 

programs in an imaginary programming language. 
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But then I develop some constructions for the 

parabola and the ellipse. While rulers and compasses 

can’t draw a parabola, if we’re given one at the start, we 

can construct its axis, vertex, focus and tangents using 

ruler and compass constructions. 

There are certain constructions, such as the 

trisection of any given angle, which can be proved to be 

impossible. We discuss these results but omit the proofs. 

However these impossibility proofs can be found in my 

notes on Galois Theory. 

While an ellipse cannot be drawn with ruler and 

compass, I show that there are ruler and compass 

techniques for constructing any finite number of points on 

an ellipse. But, using string and pins one can draw a whole 

ellipse. The author Emily Brontë knew of these methods. 

She left behind a manuscript of such drawings where she 

followed a drawing manual. 

Finally, I mention that with string and pins we can 

perform some of the impossible constructions, such as 

trisecting any given angle. However we can’t divide any 

given angle into five equal parts using string and pins. 

 

Spherical Geometry 
 The Geometry and Trigonometry on a sphere is 

somewhat different to that on the Euclidean Plane. For 

example, the angles of a spherical triangle are always 

more than 180 and can be anything less than 540. For 

example if you take opposite points on the equator and the 

north pole you have a spherical triangle with 90 degree 
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angles at the base and 180 at the pole, giving a total of 

360. You may not consider this shape as being a triangle, 

but it is a valid spherical triangle. 

 Spherical geometry and trigonometry is important 

for global navigation. Of course, the earth is not exactly a 

sphere – it’s slightly flattened at the poles, but we get a 

good approximation by considering it to be a sphere of 

radius 6371 kilometres. 

One basic problem is, given the latitude and 

longitude of two points on the earth’s surface, and the 

radius of the earth, to calculate the distance between those 

two points. 

 I have not yet included the chapter on Spherical 

Geometry, but will include it in later editions. 
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